The paper presents a derivation for the analysis of monoclinic beams of non-homogeneous cross-section that undergo tip loading. The derivation has been proved to be exact by symbolic computational tools, and includes illustrative numerical examples.
INTRODUCTION
The paper presents a study of anisotropic beams of a non-homogeneous cross-section, that consists of various Yet, when a subtraction of a function value over the dividing curves is required as shown by (1), the same orientation of η is assumed on both involved regions.
As a default, we assume that η is oriented outward of the region of the lower domain index, see Figure 2 (where over the dividing curve η is equal to n\ .) 
Boundary and interlaminar conditions
[τ χ: cos(/?,jc) + r v -cosi«,^)]!^ = 0
Here, (3) should apply to the outer ("free") contours dClj , and η is the outward normal to the cross-section contour, d£lj . In (4), on the dividing contours, 0Ω,,, stress continuity should be imposed, and η is a normal to the contours dΩ ν the orientation of which is explained in Section 1.1. As "compatibility conditions between regions", we shall require that the displacement field u, v, w will remain continuous, namely, {Μ,ν,νν}!/, 1 ={0,0,0} on dQjj.
The auxiliary problems statement
In l\l the three auxiliary problems of plane deformation are introduced and some analytical solutions for extension, bending and torsion of beams 
The ellipticity of (10) follows from positive definite Hook's law, (2), see /5/. Using the identities
The superscript ( in the above equations stands for the ordinal number of the auxiliary problem, i.e., η = 1,2,3. Subsequently all other quantities related to the n th problem will be denoted by a bar and a superscript as well, i.e., (") (w) . Let us replace the stresses by
Recall that =__L (fl|3Ö <») +a23^, ) +«634"'). «33 From the compatibiliry equation i.e., its two homogeneous parts are obtained by rotating by angles ±θ ζ orthotropic material about the z-axis.
The above material selection creates 2 domains where all elastic moduli are identical except for a ]6 , a 2 e, au and a 45 that are of identical magnitude but opposite signs. We place the coordinate system center at the cross-section midpoint, see Figure 3 , and (6) Note that these solutions create stress distributions that satisfy (45), and therefore, the initial assumption regarding the system origin location is correct.
THE TIP LOADING EFFECTS
In this section we examine the beam under tip loads only, i.e., the St. Venant's problem, see /6/, for the three tip forces P x , P y , P,, and the three tip moments M x , M y , M., where
In what follows we consider a "clamped-free" beam of a length /, i.e., clamped at its root (z=0) and free at its tip (z=l), and also employ the St. Venant's semi-inverse method of solution discussed in 161.
Summarizing the tip loading effects
To evaluate the effect of, say, tip axial force, P 2 , we first isolate and examine the relevant terms in the displacement expressions of homogeneous Zmonoclinic beam as shown in 151, namely,
Accordingly, we shall assume that the displacement field in the non-homogeneous case will be of the form
2a 33 a"
where ai is a non-dimensional constant to be determined. Here w (3) ,v (3) 
Fulfilling the tip conditions
The contributions of the above solutions to the tip loads, which are proportional to a k (£=1,2) are over the tip cross-section will be satisfied. By adding up all contributions described above, we write comply with the classical definition of the shear center, as the location, in which one may apply P x , P y without creating a twist.
The homogeneous uncoupled beam with tip loads
For homogeneous cross-sections, we assume that the origin of the coordinate system is placed at the center of the cross-section area (centroid), and that the x-and y- 
THE HARMONIC STRESS FUNCTIONS
In the aim to formulate the Neumann problem for non-homogeneous domains, we define the elliptical (since α 44 >0, a 55 >0, a^a 5S -a A5 2 >0) Laplace-type operator 
Non-Homogeneous Uncoupled Beam Under Tip Loads
In terms of the given functions in ( (37) ds
The torsion function
The stress components (21) Rectangle.
We present in Figure 6 the torsion (warping) function in an anti-symmetric _y-laminated rectangle, see 
while the F } f and F 0 * k coefficients are The conditions (45) may be satisfied by suitable selection of the location of the coordinate system origin.
Example 3.3. Bending Functions in Non-Homogeneous
Rectangle.
We derive the bending functions in an antisymmetric y-laminated rectangle, see Figure 3 , employing the auxiliary solutions of Example 1.1. Figure 7 demonstrates the fulfillment of the continuity condition for these functions, while the boundary conditions fulfillment will be shown within the discussion of the resulting stresses of Section 4.3.
(2a) Select system orientation (i.e., the axes directions of the cross-section xy-plane), (2b) Assume initial value ("guess") for the two coordinates of the system origin location.
A reasonable guess is the one that emerges from (45) by assuming σ^ = σ { :
2) = 0 .
(2c) Solve the three auxiliary problems of plane deformation of Section 1.3.
For y-laminated rectangle, where y=h f on dQj+\j , see Figure 3 , the solution of the second and third auxiliary problems depends on the y and χ coordinates of the system origin, respectively. This is due to the fact that one may weaken the problem by differentiation of/,", and f n once and twice, respectively, with respect to x.
Therefore, we replace (12c) with one of the conditions: 
Extension and bending
To determine the effect of the P., M x and M v triad, the system origin location may be selected arbitrarily, and the following procedure is adopted:
(la) Solve the three auxiliary problems of plane deformation of Section 1.3. 
Shear and torsion
To determine the effect of the P x , P v , M : triad, the following procedure is adopted: 
Applications
To determine the effect of transverse tip forces on a beam with the non-homogeneous cross-section, shown in Figure 3 , we employ the auxiliary solutions of Example 1.1, and the bending and warping functions of 
